Geometry & Topology Monographs 13 (2008) 105146 105

The boundary manifold of a complex line arrangement

DANIEL C COHEN
ALEXANDER I Suciu

We study the topology of the boundary manifold of a line arrangement in CP?, with
emphasis on the fundamental group G and associated invariants. We determine the
Alexander polynomial A(G), and more generally, the twisted Alexander polynomial
associated to the abelianization of G and an arbitrary complex representation. We
give an explicit description of the unit ball in the Alexander norm, and use it to analyze
certain Bieri-Neumann—Strebel invariants of G'. From the Alexander polynomial, we
also obtain a complete description of the first characteristic variety of G. Comparing
this with the corresponding resonance variety of the cohomology ring of G enables
us to characterize those arrangements for which the boundary manifold is formal.
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For Fred Cohen on the occasion of his sixtieth birthday

1 Introduction

1.1 The boundary manifold

Let A be an arrangement of hyperplanes in the complex projective space CP™, m > 1.
Denote by V = Jye 4 H the corresponding hypersurface, and by X = CP™ \ V its
complement. Among the origins of the topological study of arrangements are seminal
results of Arnol’d [2] and Cohen [8], who independently computed the cohomology
of the configuration space of n ordered points in C, the complement of the braid
arrangement. The cohomology ring of the complement of an arbitrary arrangement A
is by now well known. It is isomorphic to the Orlik—Solomon algebra of A, see Orlik
and Terao [34] as a general reference.

In this paper, we study a related topological space, namely the boundary manifold of A.
By definition, this is the boundary M = dN of a regular neighborhood of the variety
V in CP™. Unlike the complement X, an open manifold with the homotopy type
of a CW—complex of dimension at most 7, the boundary manifold M is a compact
(orientable) manifold of dimension 2m — 1.
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In previous work [7], we have shown that the cohomology ring of M is functorially
determined by that of X and the ambient dimension. In particular, Hy (M ; Z) is torsion-
free, and the respective Betti numbers are related by by (M) = by (X) + boypp—p—1(X).
So we turn our attention here to another topological invariant, the fundamental group.
The inclusion map M — X is an (m — 1)—equivalence, see Dimca [9]. Consequently,
for an arrangement A in CP™ with m > 3, the fundamental group of the boundary is
isomorphic to that of the complement. In light of this, we focus on arrangements of
lines in CP2.

1.2 Fundamental group

Let A={{y,..., Ly} be aline arrangement in CP?. The boundary manifold M is a
graph manifold in the sense of Waldhausen [41; 42], modeled on a certain weighted
graph I’4. This structure, which we review in Section 2, has been used by a number of
authors to study the manifold M . For instance, Jiang and Yau [22; 23] investigate the
relationship between the topology of M and the combinatorics of 4, and Hironaka
[20] analyzes the relationship between the fundamental groups of M and X .

If A is a pencil of lines, then M is a connected sum of 7 copies of S!x S?2. Otherwise,
M is aspherical, and so the homotopy type of M is encoded in its fundamental group.
Using the graph manifold structure, and a method due to Hirzebruch [21], Westlund
finds a presentation for the group G = 71 (M) in [43]. In Section 3, we build on this
work to find a minimal presentation for the fundamental group, of the form

)] G =(xj.vik | Rj. Rik).

where x; corresponds to a meridian loop around line ¢;, for 1 < j <n = b;(X), and
Yi.k corresponds to a loop in the graph I' 4, indexed by a pair (i, k) € nbe,(d.A), where
[nbc, (dA)| = b2 (X). The relators R;, R;x (indexed in the same way) are certain
products of commutators in the generators. In other words, G is a commutator-relators
group, with both generators and relators equal in number to b1 (M ).

1.3 Twisted Alexander polynomial and related invariants

Since M is a graph manifold, the group G = 1 (M) may be realized as the fundamental
group of a graph of groups. In Section 4 and Section 5, this structure is used to calculate
the twisted Alexander polynomial A?(G) associated to G and an arbitrary complex
representation ¢: G — GL (C). In particular, we show that the classical multivariable
Alexander polynomial, arising from the trivial representation of G, is given by

@) AG) = [] @w-Dm™2,

veY(Iy)
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where V(I4) is the vertex set of 4, m, denotes the multiplicity or degree of the
vertex v, and ty = [[;¢, ti-

Twisted Alexander polynomials inform on invariants such as the Alexander and Thurston
norms, and Bieri-Neumann—Strebel (BNS) invariants. As such, they are a subject of
current interest in 3—manifold theory. In the case where G is a link group, a number of
authors, including Dunfield [12] and Friedl and Kim [18], have used twisted Alexander
polynomials to distinguish between the Thurston and Alexander norms. This is not
possible for (complex representations of) the fundamental group of the boundary
manifold of a line arrangement. In Section 6, we show that the unit balls in the norms
on H'(G;R) corresponding to any two twisted Alexander polynomials are equivalent
polytopes. Analysis of the structure of these polytopes also enables us to calculate the
number of components of the BNS invariant of G and the Alexander invariant of G.

1.4 Cohomology ring and graded Lie algebras

In Section 7, we revisit the cohomology ring of the boundary manifold A, in our
3—dimensional context. From [7], we know that H*(M ;Z) is isomorphic to A , the
“graded double” of 4 = H*(X;Z). In particular, A = A! @ A2, where AF =
Hom(Ak ,Z). This information allows us to identify the 3—form 7;, which encodes
all the cup-product structure in the Poincaré duality algebra H*(M;Z). If {e;} and

{ fi.x} denote the standard bases for A' and A2, then

3) M = Z erGig) A ek A Jiks
(i,k)€nbe, (dA)

where I(i.k)={j |{; DliNLk, 1 <j <n} and €y =D jes€-

The explicit computations described in (1) and (3) facilitate analysis of two Lie algebras
attached to our space M : the graded Lie algebra gr(G) associated to the lower central
series of G, and the holonomy Lie algebra b(/f) arising from the multiplication map
A'® A! — A2. For the complement X, the corresponding Lie algebras are isomorphic
over the rationals, as shown by Kohno [26]. For the boundary manifold, though, such
an isomorphism no longer holds, as we illustrate by a concrete example in Section 9.
This indicates that the manifold M , unlike the complement X, need not be formal, in
the sense of Sullivan [38].

1.5 Jumping loci and formality

The non-formality phenomenon identified above is fully investigated in Section 8 and
Section 9 by means of two types of varieties attached to M : the characteristic varieties
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le (M) and the resonance varieties R:, (M). Our calculation of A(G) recorded in
(2) enables us to give a complete description of the first characteristic variety of M,
the set of all characters ¢ € Hom(G, C*) for which the corresponding local system
cohomology group H'(M; Cg) is non-trivial:

) vimy= ) {w-1=0}

veV([ly),my>3

The resonance varieties of M are the analogous jumping loci for the cohomology
ring H*(M ; C). Unlike the resonance varieties of the complement X, the varieties
R:l, (M), for d sufficiently large, may have non-linear components. Nevertheless, the
first resonance variety R% (M) is very simple to describe: with a few exceptions, it
is equal to the ambient space, H'(M ; C). Comparing the tangent cone to Vl1 (M) at
the identity to Ri (M), and making use of a recent result of Dimca, Papadima, and
Suciu [11], we conclude that the boundary manifold of a line arrangement 4 is formal
precisely when A is a pencil or a near-pencil.

2 Boundary manifolds of line arrangements

Let A={{y,...,€,} be an arrangement of lines in CP?. The boundary manifold of A
may be realized as the boundary of a regular neighborhood of the curve C = (Ji_ ¢
in CIP2. In this section, we record a number of known results regarding this manifold.

2.1 The boundary manifold

Choose homogeneous coordinates X = (xg: X1:X2) on CP?. Foreach i, 0 <i <n,
let f; = fi(xo,X1,X2) be a linear form which vanishes on the line £; of A. Then
0 = 0(A) =[]/~ fi is ahomogeneous polynomial of degree n + 1, with zero locus
C . The complement of A is the open manifold X = X(A) = CP?\ C.

A closed, regular neighborhood N of C may be constructed as follows. Define
$:CP? > R by ¢(x) = |0x)|*/[x]2®*D, and let N = ¢~1([0,8]) for § > 0
sufficiently small. Alternatively, triangulate CI?? with C as a subcomplex, and take N
to be the closed star of C in the second barycentric subdivision. As shown by Durfee
[13] in greater generality, these approaches yield isotopic neighborhoods, independent
of the choices made in the respective constructions. The boundary manifold of A is
the boundary of such a regular neighborhood:

(5) M = M(A) = dN.

This compact, connected, orientable 3—manifold will be our main object of study. We
start with a couple of simple examples.
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The boundary manifold of a complex line arrangement 109

Example 2.2 Let A be a pencil of 7 + 1 lines in CP?, defined by the polynomial
0= xi’“ —x’2’+1 . The complement X of A is diffeomorphic to (C\ {n points}) x C,
so has the homotopy type of a bouquet of # circles. On the other hand, CP?\ N =
(D? \ {n disks}) x D?; hence M is diffeomorphic to the n—fold connected sum
7St x S2.

Example 2.3 Let A be a near-pencil of 7+ 1 lines in CP?, defined by the polynomial
0 = xo(x] —x%). In this case, M = S!x 2,1, where £, = #6S! x S! denotes
the orientable surface of genus g, see [7] and Example 3.10.

2.4 Blowing up dense edges

A third construction, which sheds light on the structure of M as a 3—manifold, may
also be used to obtain the topological type of the boundary manifold. This involves
blowing up (certain) singular points of C. Before describing it, we establish some
notation.

An edge of A is a non-empty intersection of lines of .A. An edge F is said to be dense
if the subarrangement Ar = {{; € A| F C {;} of lines containing F is not a product
arrangement. Hence, the dense edges are the lines of A4, and the intersection points
¢j, N...N¢j, of multiplicity k > 3. Denote the set of dense edges of A by D(A),
and let F7y,..., F; be the 0—dimensional dense edges. We will occasionally denote
the dense edge ();c; ¢;j by F.

Blowing up CP? at each 0—dimensional dense edge of A, we obtain an arrangement
A= {Li}?;rg in CP? consisting of the proper transforms L; = {;, 0 <i <n, of the
lines of A, and exceptional lines L4 ; = F'j, 1 < j <r, arising from the blow-ups.

By construction, the curve C = U?:(; L; in CP? is a divisor with normal crossings.

Let U; be a tubular neighborhood of L; in CP2. For sufficiently small neighborhoods,
we have U; NU; = @ if L; N L; = &. Then, rounding corners, N(C‘) = U:’:(; U; is
a regular neighborhood of C in CP2. Contracting the exceptional lines of A gives
rise to a homeomorphism M =~ N (5 ).

2.5 Graph manifold structure

This last construction realizes the boundary manifold M of A as a graph manifold, in
the sense of Waldhausen [41; 42]. The underlying graph I’4 may be described as follows.
The vertex set V(I 4) is in one-to-one correspondence with the dense edges of A (that
18, the lines of ,Z). Label the vertices of I4 by the relevant subsets of {0, 1,...,n}:
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Figure 1: A near-pencil of 4 lines and its associated graph I' (with maximal
tree 7 in dashed lines)

the vertex corresponding to £; is labeled v;, and, if Fy is a O—dimensional dense edge
(that is, an exceptional line in A), label the corresponding vertex vy . If £; and £; meet
in a double point of A, we say that £; and {; are transverse, and (sometimes) write
¢; th £j. The graph T4 has an edge ¢; ; from v; to vj, i < j, if the corresponding
lines ¢; and {; are transverse, and an edge ey ; from vy to v; if £; D F;. See Figure
1 for an illustration.

Let m, denote the multiplicity (that is, the degree) of the vertex v of I4. Note
that, if v corresponds to the line L; of A, then m, is given by the number of lines
Lje A \ {L;} which intersect L;. The graph manifold structure of the boundary
manifold M = dN (5 ) may be described as follows. If v € V(I4) corresponds to
L; € A, then the vertex manifold, M,, is given by

6) My =0U;\{Int(U; NdU;) | L N L; # &} = S' x (C[F"l U Bj),
j=1

where Int(X) denotes the interior of X, and the B; are open, disjoint disks. Note
that the boundary of M,, is a disjoint union of m, copies of the torus S' x S!. The
boundary manifold M is obtained by gluing together these vertex manifolds along
their common boundaries by standard longitude-to-meridian orientation-preserving
attaching maps.

Graph manifolds are often aspherical. As noted in Example 2.2, if A is a pencil, then
the boundary manifold of A is a connected sum of S! x S?’s, hence fails to be a
K(m, 1)—space. Pencils are the only line arrangements for which this failure occurs.

Proposition 2.6 (Cohen and Suciu [7]) Let A be a line arrangement in CP?. The

boundary manifold M = M (A) is aspherical it and only if A is essential, that is, not a
pencil.
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3 Fundamental group of the boundary

Using the graph manifold structure described in the previous section, and a method due
to Hirzebruch [21], Westlund [43] obtained a presentation for the fundamental group
of the boundary manifold of a projective line arrangement. In this section, we recall
this presentation, and use it to obtain a minimal presentation.

3.1 The group of a weighted graph

Let I be a loopless graph with N 4 1 vertices. Identify the vertex set of I' with
{0,1,..., N}, and assume that there is a weight w; € Z given for each vertex. Identify
the edge set £ of T" with a subset of {(7, j) |0 <i < j < N} in the obvious manner.
Direct I" arbitrarily.

We associate a group G(I") to the weighted graph T, as follows. Let 7 be a maximal
tree in ', let C = £\ 7, and order the edges in C. Note that g = |C| = b (I") is the
number of (linearly independent) cycles in I"'. The group G(I") has presentation

Lo (™) GLj)e€ >

N Ui, j .
[i=ix;", 0<i=N

X0, X155, XN

(7 GT) = <

Yie-oos Vg
where

w; ifi =],

vk if (i, j) is the kth element of C,
ujj = yk_l if (j, i) is the kth element of C,
1 if (i, j) or (j,i) belongs to 7,

0 otherwise.

Here [a,b] = aba='b~1, a® = 1 is the identity element of G, and a® = b~'ab for

b #0. Note that if i # j and u; j # 0, then u; ; = ul_}

Now let A be an arrangement of n + 1 lines in CP?, with associated graph 4, and
consider the group G(I74). Recall that the vertices of [4 are in one-to-one correspon-
dence with the lines {L; | 0 <i <n+ r} of the arrangement .4 in CP2.If L; is the
proper transform of the line £; € A, let p; denote the number of 0—dimensional dense
edges of A contained in ¢;, and assign the weight w; = 1 — p; to the corresponding
vertex v; of I’4. If L; is an exceptional line, arising from blowing up the dense edge
Fj of A, assign the weight wy = —1 to the corresponding vertex vy of I4. Note that
the weights of the vertices of I4 are the self-intersection numbers of the corresponding
lines L; in CP2.
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Theorem 3.2 (Westlund [43]) Let A be an arrangement of lines in CP? with bound-
ary manifold M . Then the fundamental group of M is isomorphic to the group G(I4)
associated to the weighted graph 4.

The presentation provided by this result may be simplified, so as to obtain a presentation
with by (M) = by(M) generators and relators, realizing G(A) = 7 (M(A)) as a
commutator-relators group. The presentation from Theorem 3.2 depends on a number
of choices: the orderings of the lines of A and the vertices of T4, the orientation of the
edges of I4, and the choice of maximal tree 7. As noted by Westlund [43], different
choices yield isomorphic groups. To simplify the presentation, we will fix orderings
and orientations, and work with a specific maximal tree. Our choice of tree will make
transparent the relationship between the Betti numbers of the boundary manifold M
and the complement X of A.

3.3 Simplifying the presentation

Recall that the lines {£;}7_ of A are ordered. Designate £o € A as the line at infinity

in CP2. Let A be the central arrangement in C* corresponding to A C CP?, and let
dA be the decone of A with respect to €. Incidence with £( gives a partition

®) o=y [ 12 ]| Iy)

of the remaining lines of A, where Iy is maximal so that £o N ();¢y, ¢ is an edge
of A. Reorder these remaining lines if necessary to insure that I; = {1,...,i},
I, ={i;+1,...,i2}, etc., and that lines ¢; transverse to £y come last. In terms of the
decone d.A of A with respect to £, this insures that members of parallel families of
lines in d.A are indexed consecutively.

Order the vertices of Iy by vy,,..., v ,,v1,..., Vs, vg, where the vy, are ordered
lexicographically. In particular, the vertices corresponding to dense edges F C £
come first. Recall that the edge e; ; is oriented from v; to v; if ¢; th £ j are transverse
and i < j, and that ey ; is oriented from v; to v; if the O—dimensional dense edge
Fj is contained in ¢;.

Let 7 be the tree in T4 consisting of the following edges:
T ={eoi | Lot} Ufesi| FrCclontifUles;| Fy Cli, i =minJ}.
It is readily checked that 7 is maximal. The edges of 4 not in the tree 7 are
C={eij|timtj, 1<i<j<njU{es;|FyC¥li#minlJ, 0¢J}.

The edges in C are in one-to-one correspondence with the set nbe;(d.A) of pairs of
elements of the decone d.4 which have nonempty intersection and contain no broken
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circuits, see Orlik and Terao [34]. It is well known that the cardinality of the set
nbc;(d.A) is equal to b, (X)), the second Betti number of the complement of A.

Now consider the group G(A) = G(I4) associated to the graph 4. Denote the
generators corresponding to the vertices of Iy by x;, 0 <i <n,and x;,, 1 <k <7,
where { Fy,....F ]r} are the 0—dimensional dense edges of A. Since the edges of
C correspond to elements (7, j) € nbe;(d.A), we denote the associated generators of
G(A) by y;,j. We modify the notation of the presentation (7) accordingly, writing
Ry, uy;, wy etc.

Lemma 3.4 All commutator relators in the presentation (7) of G(A) = G(I) involv-
ing the generator x are redundant.

Proof If £y N¥; is a double point of A for some i, 1 <i <n, then for this 7, we have
the commutator relators [xR,x?””] for 1 < p<i and £, M {;, [x,-,xg"q] fori <q=<n
and ¢; h {4, and [x;,xf”"] for Fy C{;. Here, up;i = ypi, Uig = Vig> Uy, =1if
i = minJ (by our choice of tree), and u; = yx; if kK =minJ <i. We also have
the relator

o M Ui, Jy Uil Ui i—1 w; Ui i1 Uin uio
R; =X XX X T X X X X
By our choice of tree, we have u; o = 1. If £; N {; is not a double point of A, there is
no edge joining v; and v;, and u; ; = 0. Similarly, if F; ¢ {;, then u; y =0.

_ 1
pi =~ Hip
are equivalent to [XZ””, x;] and [x;”J, x;]. It follows that R; = a - xo, where Xx;

Since u and Uy; = ul_} the commutator relators [x, x?”‘i] and [xy, xll.‘“]

. ui .
commutes with a. Hence x; = x; ~0 commutes with xg.

If Fj C{y, then J = {il, . ..,iq} and iy = 0. In this instance, we have relators
Ry = x7l-x{" o oxy”" - xg”? and [xJ,x:;J'i"] for 2 <p<gq. If Fj ¢ {;,
then uy; = 0. By our choice of tree, uy;, = 1 for 1 < p < ¢g. It follows that

Ry = x;l “ Xip ... Xi, + X0, and xy commutes with x;, for 2 < p < ¢. Hence
Xy = x?"'o commutes with xg. ]
Now observe that the relators of type Ry = x7'-[[f—; x;”" - xy”° may be used
to express the generators x in terms of x;, 0 <i <n.If Fy ={; N---N¢{;, and
J1 =0, then as noted above, Ry = x}l “Xjy .- Xj, X0 If j1 =1, then uy; =0 for
k# jp,uyj, =1,and uy j, =vj, j, for 2= p <q. So we have

) {ij...xj'q-xo if Fy C 4y,
Xy = Vi1 2 Yitdg -
X, X if Fy ¢ 4.
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For each p, 1 < p < ¢, we have Fy C{;, and the corresponding commutator relator
[x7, x;.zl I ]. In light of (9), this may be expressed as

(10) [27, x]’.:j'l”"],

Vir. Vir.
Wherezjzx.l-x.1 2, .x

whe i Xy X if ji=1,and zy = Xj, ... Xj, " X0 = X0 Xj, ... Xj
if j; =0.

q

Note that the relator (10) in case p =1 (with y;, j, = 1) is a consequence of those for
2 < p <q. Thus, we obtain a presentation for G(.4) with generators x;, 0 <i <n,
and y;,j, (i, j) € nbey(dA), the relators recorded in (10), together with the relators
[xi, x}’i’j], 1 <i < j <n, corresponding to double points £; N ¢; of dA, and R; =
HFJcE,- xL}“ -]_[Z=1 xZi"‘ - X0, where x s is given by (9), the order is irrelevant in the
first product, and 0 <i <n.

Lemma 3.5 If Fy ={; N---N{;, and Fy C o, then all the commutator relators
recorded in (10) are redundant.

Proof We have j; =0 and, by Lemma 3.4, the assertion holds in the case j, = 0. So
for j, # 0, we must show that the relator [x, x;,] is a consequence of other relators,
where x5 = xo - Xj, ... X},
For fixed j,#0, we have relators [xi, x}z'j”] an(il[xjp,x;jp"‘] for i < j, <k, and
€; h¢j,, £, €. The first is equivalent to [x;"””, x; |. From (10), we also have
u

relators [ij,xjj”’]’] if Fj, C{;,, where xy, is givenby (9), uj, s, =l if j, =min J;,
and uj, j, = Vj_},, if j, > j =min J;. Note that if J; # J, then the word x, does
not involve the generator xo. Additionally, we have the relator Rj,, which may be
expressed as

—1
R Ujp.J; Yijp Wjp Yip .k
R,,,_xJ-]_[xJ] SIE “Xjp I ES
Ji#J i<jp Jp<k

where the first product is over all J; with Fj, C {;, with Fj, ¢ £o, and the last two
products are over all i, 1 <i < j,,and k, j, <k <n, for which £; h {;, and £;, h €.

The above commutator relators imply that Rj, = xj -a, where x;, commutes with a.
Hence xj, commutes with x ;. The result follows. O

3.6 A commutator-relators presentation

There are now |nbc;(dA)| = b(X) remaining commutator relators: those given by
(10) corresponding to dense edges Fy = () jes tj with Fy ¢ £y, and the relators
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[xi, x}”"j |, 1 <i < j <n, corresponding to double points £; M £; of d.A. Note that all

of these commutator relators may be expressed as [z, x!"/], where N jes {j is an

j
edge of dA, i = min(J), and j € J \ min(J).

There also remain the relators
n

Uuj Uuj Uuj
Ri — 1_[ xJI.J X xkl.k .xot.O’
Fycy; k=1

for 0 <i <n. We obtain a minimal presentation for G(.A) by eliminating the generator
Xo using the relator Rq. By our choice of tree, this relator is given by

— wo uo.1 Uo.n
RO_ 1_[ xJ.xo .xl <o Xp ,

FjyCiy

where ug; = 1if £y M £;, ug; = 0 otherwise, and xy = xo - xj, ... xj, if Fy =
£oNej,N---N¢;, . The chosen ordering of the lines of A implies that {jz, e, jq} =1,
where (I | --- | Iy) is the partition of {1,...,n} induced by incidence with £.
Simplifying using the commutation relations reveals that

(11) R0=x0-x1...xn.
Consequently, we write xo = (X .. .xn)"! and delete the relation R .

Now, if £9 N ¥¢; is a double point of A, then R; = Y; - x(, where Y; is a word in the
Xj, j #0,and the y; ;. If £, N{; = F; € D(A), then by our ordering of the vertices
of I4, Ri=xj-Zi =Xx0"Xj, ...Xj, Zi, where J = {O, J2s-- .,jq}. Conjugating by
Xo, we can write R; = Y; - xo, where Y; is a word as above, in this instance as well.

The next result summarizes the above simplifications. If (7, k) € nbe,(dA), let Fr k)
be the corresponding edge of dA. For an edge Fy of dA, with i = min/, and
Je€I\minl, let yr j=vi ;. If LoNEpN---Ni, isanedge of A,set {o j =xp...Xq
foreach j, p < j <gq. Note that if £( and ¢; are transverse, then {o ; = x;.

Proposition 3.7 The fundamental group of the boundary manifold M of A has
presentation

G(A) = Xj, 1=j=<n Rij, 1=j=n
~ \ %ik» (i,k)enbey(dA) | Rik, (i,k) €nbey(dA) [
where
1 - _ v} ¥; _
Rj:é‘o,j' l_[ (VI,jZIVI,}Xj 1)' l_[ (Xj 12,)'1_[ X; ’J l_[ xk/‘k-(xl . Xp) 1
Fy€D(dA) FyeD(dA) £;he; £jhey
j€I\min I Jj=min I 1<i<j j<k=n
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and
Rije = [zygipep ¢ "1

Proof Tt follows from the preceding discussion that the group G(.A) has such a
presentation with the relators R;  as asserted. So it is enough to show that the relators
R; admit the above description.

Fix j, 1 < j <n, and consider the line £; of A. Assume that
(i) jeJ,where J =[p,qland o N, N---NL,is an edge of A;
(i) je€Jy\minJ; for 1 <¢ <aand Fy, is a dense edge of d.A;
(12) (iii) 7 =min K, for 1 <¢ <) and Fk, is a dense edge of d.A;
(iv) ¢jMme;, forl <t<candl<i;<j;and
(v) Ljthily, forl <t <dandj<k;=<n.

Note that £; contains either a + b or a + b + 1 dense edges of A, depending on
whether {; is transverse to £y or not. Consequently, the weight of the vertex v; € I4 is

{l—a—b if £; th £,
wj =

—a—>b otherwise.

With these data, the preceding discussion and our conventions regarding the graph T4
and the group G(.A) imply that the relator R; is given by

a b c d
R . Vi Jy . Yi.K; . 1_[ Yj.it 3 —a—b . 1_[ Yj.k¢ 3
Rj ={o,; l_[ ZJ, 1_[ ZK, Xi, Xj Yk, X0-
t=1 =1 =1 t=1

The commutator relators R; x imply that x; commutes with each of Z;j e ZI)/(j’K’ ,
> t t

ij’i’ , x;g’k’ for all relevant ¢. Furthermore, Vi = yj_i if jeJ\minJ, yj x =1
if j = min K, and Vii= yijjl if i < j. Using these facts, the relator R; may be

expressed as

a - b c o d
— . Jr.J -1 -1 ir.J Vi.k
Rj =0 [1G7" - T165 2 [T T 1™ - xo.

t=1 =1 =1 =1

Recalling that xo = (X ...x,) !, this is easily seen to be equivalent to the expression
given in the statement of the Proposition. |

yfl .ip
),
"] of “Randell relations”

Remark If (i, k) enbey(dA) and I =1(i.k)={ij.....iq},therelators [z, x

Yiq.ip Yiy.

2 < p <gq, are equivalent to the family [xl.l N RR
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familiar from presentations of the fundamental group of the complement of an arrange-
ment.

Corollary 3.8 The group G(A) is a commutator-relators group.

Proof By Proposition 3.7, the group G(A) = m;(M) admits a presentation with
b1 = b1 (M) generators. The conclusion follows from this, together with the fact that
H{(M) is free abelian of rank by, see Matei and Suciu [30, Proposition 2.7]. O

Remark This result may also be established directly, by showing that each relator R;
is a product of commutators. Using the Randell relations noted above, one can show
that R; = xZ;:} ...xz;:,:' - xg, where {p;1.....pin} is a permutation of [1] and v, 4
is a word in the generators y; ;. This may be expressed as a product of commutators

using the fact that xo = (x...x,)" L.

3.9 Some computations

We conclude this section with a few examples illustrating how the presentation from
Proposition 3.7 works in practice.

Example 3.10 Let A be a near-pencil of n+1 > 4 lines, with defining polynomial
0 = xo(x]—x7) and boundary manifold M . The graph I4 has vertices vo, vy,. .., vy
corresponding to the lines, and one more vertex v,4+1 = vg corresponding to the
multiple point F = £; N---N¥,. The weights of the vertices are wg =1, wy =--- =
wy, =0, and w,4+; = —1. The edge set is £ consists of edges eg; and ¢; 41 for
1 <i < n. Fix the maximal tree 7 = {eg,1,..., €01, €1,n+1}, indicated by dashed
edges in Figure 1.

By Proposition 3.7, the fundamental group of M has presentation

G(A) = {xi, xj0 vy 12670 vz jx e 200 D),

where z = x| -xgl'z X =X, X2...Xn,and 2 < j <n.
The elements {, x3,...,Xu, 1,2, .., ¥1,n generate the group G(A), and it is readily

checked that ¢ is central. Also, conjugating the relator R; by x; yields

1

[yl_,zl,xz].xz[yl_’;,xfg]xz_ c(x,. ..xn_l)[yl—’;,xn](x2 .. .xn_l)_l.

It follows that G(.A) is isomorphic to the direct product of a cyclic group Z = (c) with
a genus n — 1 surface group

Ti(Zp—1) =(g1,---.82n—211g1. 82] - - - [g2n—3. 2n—2]).
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v
{3 ;

Vi3 @& V12
£, / P Vo> N \
7 N
Ve N
Lo 44 U3 V2.3 V2

Figure 2: A general position arrangement and its associated graph

An explicit isomorphism Z x 71 (X,—1) = G(A) is given by

~1 -1 e
st gi,_){xzmxk'yl,kﬂ'(XZ"'xk) , ifi =2k—1,

—1 . .
Xy X Xp (X ox )7, i =2k,

Example 3.11 Let A4 be an arrangement of # + 1 lines in general position. The graph
I4 is the complete graph on n + 1 vertices. Here, there are no 0—dimensional dense
edges and all vertices have weight 1.

Using the maximal tree 7 = {eo,i |1<i< n} (indicated by dashed edges in Figure
2), Proposition 3.7 yields a presentation for G(.A) with generators x; (1 <7 <n) and
vi,j (1 =i < j =<n), and relators

—1

—1
_ Yij Yi—rj Yig+1 Yim —1 -1 .
Rj =xj-x; . X . (1<j=n),

T Xl X X
Rij =[x, x]"] (1<i<j<n).

4 Twisted Alexander polynomials

A finitely generated module K over a Noetherian ring R admits a finite presentation
R" N R — K —0.

Let E;(K) denote the ith elementary ideal of K, the ideal of R generated by the
codimension i minors of the matrix ¥ . It is well known that the elementary ideals do
not depend on the choice of presentation, so are invariants of the module K.

Let A = [F[tlil, ..., ;1] be the ring of Laurent polynomials in 7 variables over a
field . Since A is a unique factorization domain, there is a unique minimal principal
ideal that contains the elementary ideal Ey(K). Define the order, ord(K), of the
module K to be a generator of this principal ideal. Note that ord(K) is defined up to

Geometry & Topology Monographs, Volume 13 (2008)



The boundary manifold of a complex line arrangement 119

11

multiplication by a unit in A, which necessarily is of the form cz, t,l," , for some

l; €7 and c € F*.

Now let G be a group of type FL, and o: G — H a homomorphism to a finitely
generated, free abelian group. Note that if rank(H) = n, then F[H] =~ A. Let ¢: G —
GLy (F) be a representation. With these data, the vector space Ak = FX ®F A admits
the structure of a (left) G-module: if y € G and v® ¢q € Ak then

y-(v®q) = (p(¥)v) ® (a(y)q).

Following Kirk and Livingston [24], define the twisted Alexander modules of G (with
respect to « and ¢) to be the homology groups of G with coefficients in Ag’a: if
C«(G) is a finite, free resolution of Z over ZG , then

(13) Hi(G: A% ) = Hi(C4(G) ®z6 AL ).

Note that H;(G; A’;) o) carries the structure of a (finitely generated) right A—module.
Define the twisted Alexander polynomial A?’a (G) to be the order of this module:

(14) AP(G) = ord(H; (G; AL ).

If 6: G—G’ is an epimorphism, « =’ 06, and ¢ = ¢’ 0 0, then A‘f/’a/(G/) divides
A‘f’a (G), see Kitano, Suzuki and Wada [25].

In the case where a: G— H{(G)/ Tors(H(G)) is the projection onto the maximal
torsion-free abelian quotient, we suppress o and write simply Aé‘) and A? (G). Note

that if ¢: G — GL1(F) is the trivial representation, then A¢(G) is the classical Alexan-
der polynomial A(G). Up to a monomial change of variables, #; +— ta’ Lot
where (a;,j) € GL,(Z), this Laurent polynomial is an invariant of the 1som0rphlsm

type of the group G'. In what follows, we will focus our attention on the case F = C.

Lemma 4.1 Let G be a finitely generated free abelian group, and ¢: G — GL;(C)
a representation. Then the twisted Alexander module H;(G; A’d‘)) vanishes fori > 1,

and ord(Ho(G; A )) =1.

Proof Let n = rank(G). Denote the generators of G by fq,...,?,, and identify
ClG]l= A

The proof is by induction on k. If k = 1, the chain complex C«(G) ®z¢g Aé may be
realized as the standard Koszul complex in the variables z; = ¢(¢;) - t; . Consequently,

H;(G; A¢) = H;(C+«(G) ®z¢ A(})) =0 fori>1,and HO(G;A;)) = C has order 1.
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Suppose k£ > 1. Since G is abelian, the automorphisms ¢(#;) € GL;(C), 1 <i <mn,
all commute. Consequently, they have a common eigenvector, say v. Let A; be the
eigenvalue of ¢ (¢;) with eigenvector v, and let {w;, ..., wg_;} be a basis for (v)L.
With respect to the basis {v, wy, ..., wr_;} for C¥, the matrix 4; of ¢(#;) is of the

form
Ai %
A= (0 /T,-)

where A; is an invertible (k — 1) x (k — 1) matrix. Define representations ¢’: G — C*
and ¢": G — GLy_{(C) by ¢'(t;) = A; and ¢" (t;) = A;. Then we have a short exact
sequence of G —modules

0 AL Ak AT —0,

and a corresponding long exact sequence in homology

o Hi(GsA}) —— Hi(Gi %) —— Hi(Gi AL ——
Using this sequence, the case k = 1, and the inductive hypothesis, we conclude that
H;(G; AK) =0 for i > 1, and that ordHO(G;Ag)z 1. O

Let I be a connected, directed graph, and let V = V(I") and £ = £(I") denote the
vertex and edge sets of I'. A graph of groups is such a graph, together with vertex
groups {G, | v € V}, edge groups {G, | e € £}, and monomorphisms 0y: G, — G,
and 0;: G, — Gy, for each directed edge e = (v, w). Choose a maximal tree T
for I'. The fundamental group G = G(I") (relative to 7') is the group generated by
the vertex groups G, and the edges e of I' not in 7', with the additional relations
e-01(x)=06p(x)-e,forxe G, if ecT'\T,and 01(y) =6y(y),for yeGe if e T.

Theorem 4.2 Let (I',{G¢}eee(r). {Gulvev)) be a graph of groups, with fundamen-
tal group G, vertex groups of type FL, and free abelian edge groups. Assume that
the inclusions G, — G induce monomorphisms in homology. If ¢: G — GL(C) is a
representation, then

() Hi(G; A{;) =@,y Hi(Gy; A{;) fori >2, and
(i) ord(H,(G;A%)) = ord(B ey Hi(Gu: AL)).

Proof For simplicity, we will suppress the coefficient module Ag for the duration of
the proof. Given a graph of groups, there is a Mayer—Vietoris sequence

i Bpes Hi(Go) — Byey Hi(Gy) — Hi(G) 2= @ pep Hi1(Ge) —= -
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see Brown [5, Section VIIL.9]. Since the edges groups are free abelian and the inclusions
G, — G induce monomorphisms in homology, we may apply Lemma 4.1 to conclude
that H;(G,) = 0 for all i > 1. Assertion (i) follows.

Lemma 4.1 also implies that ord(HO(Ge)) = 1, for each e € £. Consequently,
ord(QBeG ¢ Ho (Ge)) = 1. The above Mayer—Vietoris sequence reduces to

0 —= @pey Hi(Gy) — H(G) —> Bpee Ho(Ge) — -+ .

From this, we obtain a short exact sequence

0—— @vev Hi(Gy) — Hi(G) L> Im(d) ——0 .

Since Im(d) is a submodule of @, s Ho(Ge), and the latter has order 1, we have
ord(Im(a)) =1 as well. Assertion (ii) follows. |

S Alexander polynomials of line arrangements

Let A = {{y,....¢,} be an arrangement of n + 1 lines in CP?, with boundary
manifold M . Since M is a graph manifold, the fundamental group G = (M) is
the fundamental group of a graph of groups. Recall from Section 2 that, in the graph
manifold structure, the vertex manifolds are of the form M, =~ S! x (([Z[IJ’1 \U;"=1 Bj).
where the B; are disjoint disks and m is the multiplicity (degree) of the vertex v of
I’4, and these vertex manifolds are glued together along tori. Consequently, the vertex
groups are of the form Z x Fj,_;, and the edge groups are free abelian of rank 2.
The edge groups are generated by meridian loops about the lines L; of Ain CP2. In
terms of the generators x; of G, these generators are of the form xiy or xiyl L .x;; kit
L; is the proper transform of ¢; € A or L; is the exceptional line arising from blowing
up the dense edge F; of A, where I ={iy,...,ir}. By (11), xox1...x,=1in G.
This fact may be used to check that the inclusions of the edge groups in G' induce
monomorphisms in homology. Therefore, Theorem 4.2 may be applied to calculate
twisted Alexander polynomials of G. We first record a number of preliminary facts.

Lemma 5.1 Let G =ZXx Fy,—1, and let ¢: G — GLy (C) be a representation. Then
the twisted Alexander polynomial A?(G) is given by

A?(G) =[p4,0]" 2,

where t is the image of a generator z of the center Z of G under the abelianization
map, and p(A,t) is the characteristic polynomial of the automorphism A = ¢(z) in
the variable ¢ . In particular, the classical Alexander polynomial is A(G) = (t —1)™ 2.
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Proof Write G =Z % Fy—1 = (2, Y15+ Ym—1 | 2, V1), - - -, 2, Ym—1]) . Applying
the Fox calculus to this presentation yields a free ZG —resolution of Z,

01 €

a
(2G)"! == (ZG)™ ZG Z 0,

where €: ZG — Z is the augmentation map, and the matrices of d; and d, are given
T
by [01]=(z—1 y1—1 -+ yu—1—1) and

l—y, z—=1 0 -+ 0
11—y 0O z—1-:-- 0
[02] = : : A :
l—ym— O 0 -« z—1
A calculation with this resolution yields the result. O

Let I4 denote the graph underlying the graph manifold structure of the boundary
manifold M of the line arrangement A = {¢;}7_ in CP? and the graph of groups
structure of the fundamental group G = 71 (M). For a vertex v of [ with multiplicity
my, in the identification G, = Z x Fy, _ of the vertex groups of G, the center Z
of G, is generated by z,, an meridian loop about the corresponding line L; of A.
Denoting the images of the generators x; of G under the abelianization «: G — G/ G’
by t;, there is a choice of generator z, so that

ti ifv=v;,0=<i <n,

tiy ...ty ifv=wvy, where I ={ij,...,ix}and Fyr € D(A).

a(zy) =ty = {

If I ={i,...,ix}, we subsequently write 17 =#;, ...t .

Theorem 4.2 and Lemma 5.1 yield the following result.

Theorem 5.2 Let A be an essential line arrangement in CP?, let T4 be the associated
graph, and let G be the fundamental group of the boundary manifold M of A. If
¢: G — GL(C) is a representation, then the twisted Alexander polynomial A?(G) is
given by
v—2
A?(G) = l_[ [p(Av, tv)]m )
veV(Iy)

where t, is the image of a generator of the center Z of G, under the abelianization
map, and p(Ay, ty) is the characteristic polynomial of the automorphism A, = ¢(zy)
in the variable t,. In particular, the classical Alexander polynomial of G is

AG) = [] ww—1™ 2

veV(Iy)
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Remark By gluing formulas of Meng and Taubes [32] and Turaev [39], with appropri-
ate identifications, Milnor torsion is multiplicative when gluing along tori. Since Milnor
torsion coincides with the Alexander polynomial for a 3—manifold M with by (M) > 1,
the calculation of A(G) in Theorem 5.2 above may alternatively be obtained using
these gluing formulas, see Vidussi [40, Lemma 7.4].

The above formula for A(G) is also reminiscent of the Eisenbud—Neumann formula
for the Alexander polynomial Ay (¢) of a graph (multi)-link L, see Eisenbud and
Neumann [14, Theorem 12.1]. For example, if L is the n—component Hopf link (that
is, the singularity link of a pencil of # > 2 lines), then Ay (t) = (t; ...t — 1)" 2.

Recall from (11) that the meridian generators x; of G corresponding to the lines ¢;
of A, 0 <i < n, satisfy the relation xox;...x, = 1. Consequently, tot;...t, = 1
and the twisted Alexander polynomial A? (G) may be viewed as an element of A =
C[llil, ..., 1], In particular, in the classical Alexander polynomial, if 7 = {0} U J,
then 77 — 1 = f,)\ s — 1, since Alexander polynomials are defined up to multiplication
by units. In what follows, we make substitutions such as these without comment.

In light of Theorem 5.2, we focus on the classical Alexander polynomial for the
remainder of this section.

Example 5.3 In [15], Falk considered a pair of arrangements whose complements are
homotopy equivalent, even though the two intersection lattices are not isomorphic. In
this example, we analyze the respective boundary manifolds.

The Falk arrangements F; and J, have defining polynomials
O(F1) = xo(x1 +x0)(x1 —X0) (X1 + x2)x2(x1 —X2)
and  Q(F2) = xo(x1 + x0) (x1 —x0) (x2 + X0) (x2 — x0) (X2 + X1 — Xo).
These arrangements, and the associated graphs, are depicted in Figures 3 and 4.

By Theorem 5.2, the fundamental groups, G; = 1 (M (F;)), of the boundary manifolds
of these arrangements have Alexander polynomials

(15) Ay =[(t1—1) (=) (13— 1) (ta=1) (ts— D) (57— 1) (t3a5— D]
and Ay =[(11—1)(6—1) (13— D) (ta=DI*(15—1)* (15— D (t345— 1) (1125 — 1),

where A; = A(G;). Since these polynomials have different numbers of distinct factors,
there is no monomial isomorphism of A = (D[tlil, cees tsil] taking A; to A,. Hence,
the groups G and G, are not isomorphic, and the boundary manifolds M (F7) and
M (F,) are not homotopy equivalent. It follows that the complements of the two Falk
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Figure 4: The Falk arrangement J, and its associated graph

arrangements are not homeomorphic—a result obtained previously by Jiang and Yau
[23] by invoking the classification of Waldhausen graph manifolds.

Note that the number of distinct factors in the Alexander polynomial A(G,) above
is equal to the number of vertices in the graph I'z,, while A(G;) has fewer factors
than |V(I'z,)|. In general, the cardinality of V(I)4) is equal to |D(.A)|, the number of
dense edges of .A. We record several families of arrangements for which the Alexander
polynomial A(G) is “degenerate”, that is, the number of distinct factors is less than
the number of dense edges.

Example 5.4 Let A be a line arrangement in CP2, with boundary manifold M , and
let G =my(M). If I ={iy,...,ig}, recall that ty =¢;, ..., . In particular, write
k=11 ...t and ff; j] = titi11 ... tj—1t;. If Q is a defining polynomial for A, order
the lines of A (starting with 0) as indicated in Q.

(1) IfQo= x;’H —xZH, then A is a pencil with |D(A)| =n + 1 dense edges, and
G = Fy is a free group of rank n. Thus, A(G) =0 if n # 1, and A(G) =1 if
n=1.
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(2) If O = xo(x]—x5), where n > 3, then A is a near-pencil with [D(A)| =n+2,
while A(G) = (1) — 1)"~2 has a single (distinct) factor.

(3) If O = xo(xg" — x1")(xy — x3), where m,n > 3, then |D(A)| =m +n + 3.
Writing J = [m + 1,m +n], A(G) is given by

[(t1 = 1) (= Dt = DI 1 = D) - (men — Dy = DI

@) If QO = xo(xg" —x7")(x] —x3), where m,n > 3, then |D(A)| =m +n + 3.
Writing J =[m+ 1,m+n] and k =m+n—3, A(G) is given by

[(t1=1) - (= D@m= DY g1 = 1) - (nen — D™ 0 — D,

Note that, after a change of coordinates, the Falk arrangement F; is of this form.

The arrangements recorded in Example 5.4 (3) and (4) have the property that there
are two O—dimensional dense edges which exhaust the lines of the arrangement. That
is, there are edges F = (;c; i and F' = (;ep li sothat A={{; |[i e IUI'}.
We say F and F’ cover A. This condition insures that the Alexander polynomial is
degenerate.

Proposition 5.5 Let A be an arrangement of n + 1 lines in CP? that is not a pencil
or a near-pencil. If A has two 0—dimensional dense edges which cover A, then the
number of distinct factors in the Alexander polynomial of the boundary manifold of A
is |D(A)| — 1. Otherwise, the number of distinct factors is |D(A)].

Proof If A satisfies the hypotheses of the proposition, it is readily checked that, up to
a coordinate change, A is one of the arrangements recorded in Example 5.4 (3) and
(4). So assume that these hypotheses do not hold.

If A has no 0—dimensional dense edges, then A is a general position arrangement.
Since A is, by assumption, not a near-pencil, the cardinality of 4 is at least 4, that is,
n > 3. In this instance, the Alexander polynomial of the boundary manifold,

AG) =[(tr = 1)... (ta = Dt — D" 2,
has n + 1 = |D(A)| factors.

Suppose A has one 0—dimensional dense edge. Since .A is not a pencil or near
pencil, there are at least two lines of .4 which do not contain the dense edge. Write
A=1{Ly,2q,...,L,}, where ﬂf;l £i, k > 3, is the unique 0—dimensional dense edge.
Since A has a single 0—dimensional dense edge, the subarrangement {{o, {511, ..., {n}
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is in general position. By Theorem 5.2, the Alexander polynomial of the boundary of
A is
n
AG) =[]t = D™ 2 (g — ™2 (g — DF 2,
i=1
and one can check that m; > 3 foreach i, 0 <i <n.

Now consider the case where .4 has two 0—dimensional dense edges, but they do not
cover A. Either there is a line of .4 containing both dense edges, or not. Assume
first there is no such line. Write A = {{;}7_,, and assume without loss that the two
dense edges are ﬂf;o ¢; and ({44 €i, where k =2, m—k >3, and m <n. By
Theorem 5.2,

n
A(G) = l_[(ti - l)mi—2 . (t[n] - 1)m0—2 . (t[k-l—l,n] _ 1)k—1 . (t[k—l—l,m] _ l)m—k—Z’

i=1
and one can check that m; > 3 foreach i, 0 <i <n.

If there is a line of A containing both 0—dimensional dense edges, we can assume
that A = {{;}"_,, and the two dense edges are ﬂf-;o £; and Lo N ﬂ;n=k+1 {;, where
k>2,m—k=>2,and m <n. By Theorem 5.2,

n
A(G) = 1_[(tl - 1)mi_2 . (t[i’l] - 1)m0_2 . (t[k-i-l,n] - l)k_l * (t[k]t[m+1,n] — 1)m_k_1 ,

i=1
and one can check that m; > 3 foreach i, 0 <i <n.

Finally, suppose that A = {{;}7_ has at least three 0—dimensional dense edges. If
(Ni—o ¢ is a dense edge, this assumption implies that ()/_ 41 i cannot be a dense
edge. Consequently, the factors of the Alexander polynomial corresponding to 0—
dimensional dense edges are relatively prime, and are prime to the factor (7[,] — 1)mo=2
corresponding to the line £ of A.

To complete the argument, it suffices to show that m; > 2 for each i, 0 <i < n.
For a line ¢; of A, this may be established by choosing 0—dimensional dense edges
Fy, F,, F3 of A, and considering whether F; is contained in ¢; or not. O

6 Alexander balls

Let M be a 3—manifold with positive first Betti number, and let G = 7;(M). Let
H = H{(M)/Tors(H;(M)), and denote by a: G—> H the projection onto the max-
imal torsion-free abelian quotient. Write rank(H) = n, and identify F[H] = A =
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[F[Zlil, ..., tF1]. Let ¢: G — GLy(F) be a linear representation, and A% = A?(G)
the corresponding twisted Alexander polynomial. Assume that A? # 0, and write
A? =3 "cigi, where 0 #¢; €F and g; € H.

Following McMullen [31], we use the twisted Alexander polynomial A? to define a
norm on H'(M;R) = Hom(H,(M),R). For £ € H' (M ;R), define
(16) I&01% := sup£(gi —gj).

i,J
the supremum over all {g;,g;} for which ¢jc; # 0. This defines a seminorm on
H'(G;R), the twisted Alexander norm of M and ¢. The unit ball Bﬁ in the twisted

Alexander norm is the polytope dual to N (A?), the Newton polytope of the twisted
Alexander polynomial A?.

One also has the Thurston norm on H! (M;R). If X is a compact, connected surface,
let x_(X)=—x(2) if x(X) <0, and set y_(X) = 0 otherwise. If ¥ is a surface with
connected components X;, set x_(Z) =Y x_(Z;). For £ € H' (M), define

(17) €]l := inf {x_(2) | ¥ dual to £},

the infimum over all properly embedded oriented surfaces 3. The Thurston norm
extends continuously to H!(M;R). Let B, denote the unit ball in the Thurston norm,
a polytope in H' (M ;R).

As shown by Friedl and Kim [18], extending a result of McMullen [31], the twisted
Alexander norm provides a lower bound for the Thurston norm,

Flelg=<lelp.
Consequently, the unit ball in the Thurston norm is contained in the unit ball in the
twisted Alexander norm, BT C [Bﬁ. For certain link complements, one can exhibit
representations ¢ for which the twisted Alexander ball Bﬁ differs from B4, the unit
ball in the (classical) Alexander norm [18], thereby distinguishing the Alexander and

Thurston norms. Such a distinction is not possible in the case where M is the boundary
manifold of a line arrangement.

Theorem 6.1 Let A be an essential line arrangement in CPP? , with boundary manifold
M . If ¢; and ¢, are complex representations of the group G = wy(M), then the
twisted Alexander balls Bﬁ‘ and Bﬁz are equivalent.

Proof Let ¢:G — GLg(C) be a representation. We will show that the twisted
Alexander ball Bﬁ and the (classical) Alexander ball B4 are equivalent. Let A = A(G)
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be the Alexander polynomial and A? = A‘f(G) be the twisted Alexander polynomial

associated to the representation ¢. Since the Alexander balls B4 and Bﬁ are the
polytopes dual to the respective Newton polytopes of the Alexander polynomials, it
suffices to show that A'(A) and N (A?) are equivalent.

By Theorem 5.2, the Alexander polynomials A and A? are given by
A= J] @w-1™"2 and A%= J] [p(Av.t)]™ "
veV(Iy) veV(Iy)

where #, is the image of a generator z, of the center of the vertex group G, under
abelianization, and p(Ay,t,) is the characteristic polynomial of the automorphism
Ay = ¢(zy) in the variable #,. Observe that only the variables #q,...,?, appear
in these Alexander polynomials. Consequently, the Newton polytopes lie in R” =
R”x{0} C H'(M;R). Since the Alexander polynomials factor, their Newton polytopes
are Minkowski sums, for instance,

N@BAY= )" N[w—-1m™2),
veV(I4)

and similarly for A'(A?).

Write dy =my—2.If dy >0 and t, = ti“ ...t the Newton polytope N[(ZU - l)dv]
is the convex hull of 0 = (0, ...,0) and (dyq1, ..., dvqs) in R"?, aline segment. Thus,
the Newton polytope N (A) is a Minkowski sum of line segments, that is, a zonotope.
As such, it is determined by the matrix

(18) Z=(q - qj).

where j is the number of vertices v € V(I 4) for which d, > 0, and

i = (dogi -+ dugn)’
if ty=11"... 00"
Now consider the Newton polytope of the twisted Alexander polynomial A?,
N = Y N[p(Ay,1)"].
veV(Iy)

Since the characteristic polynomial p(A4,,%,) is monic of degree k, the Newton
polytope N[p(Av, tv)d“] is the convex hull of 0 and k - (dyq1,...,dyqn) if ty =
tf' ..." . Hence, the Newton polytope N(A?) is the zonotope determined by the
matrix k - Z, which is clearly equivalent to N'(A). |
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The Alexander and Thurston norm balls arise in the context of Bieri-Neumann—Strebel
(BNS) invariants of the group G = 71 (M). Let

S(G) = (H'(G:R) \ {0})/R™,

where R™ acts by scalar multiplication, and view points [£] as equivalence classes
of homomorphisms G — R. For [£] € S(G), define a submonoid G¢ of G by
Ge ={g€G|&(g)=0}. If K is a group upon which G acts, with the commutator
subgroup G’ acting by inner automorphisms, the BNS invariant of G and K is the
set X g of all elements [£] € S(G) for which K is finitely generated over a finitely
generated submonoid of Gg¢. The set X g is an open subset of the sphere S(G).

Let K = G’, with G acting by conjugation. When G = (M), where M is a
compact, irreducible, orientable 3-manifold, Bieri, Neumann, and Strebel [3] show
that the BNS invariant X' g’ is equal to the projection to S(G) of the interiors of the
fibered faces of the Thurston norm ball B..

Assume that H; (M) is torsion-free, and consider the maximal abelian cover M’ of M ,
with fundamental group 71 (M') = G’. The first homology of M’, B = H{(M') =
G'/G”, admits the structure of a module over Z[H], where H = G/G’, and is known
as the Alexander invariant of M . Note that the Alexander polynomial A(G) = A(M)
is the order of the Alexander invariant. As shown by Dunfield [12], the BNS invariant
X G, B 1s closely related to the Alexander polynomial.

Theorem 6.2 Let A be an essential line arrangement in CP? , with boundary manifold
M . Let G be the fundamental group of M, B = G’/G" the Alexander invariant, and
A = ord(B) the Alexander polynomial. Then the BNS invariant X p is equal to the
projection to S(G) of the interiors of the top-dimensional faces of the Alexander ball
By.

Proof Write A =) ¢;g;, where ¢; # 0 and g; € H = G/G’. The Newton polytope
N(A) is the convex hull of the g; in H; (M ;R). Call a vertex g; of N'(A) a “=£1
vertex” if the corresponding coefficient ¢; is equal to +1. For an arbitrary compact,
orientable 3—manifold M whose boundary, if any, is a union of tori, Dunfield [12]
proves that the BNS invariant X', p is given by the projection to S(G) of the interiors
of the top-dimensional faces of B4 which correspond to &1 vertices of N (A).

If M is the boundary manifold of a line arrangement A C CP?, then, as shown in the
proof of Theorem 6.1, the Newton polytope N (A) of the Alexander polynomial is a
zonotope. Since the factors (¢, — 1)™~2 of the Alexander polynomial A have leading
coefficients and constant terms equal to 1, every vertex of the associated zonotope
N(A) is a =1 vertex. The result follows. |
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Let A be the Alexander polynomial of the boundary manifold of a line arrangement
A C CP?. Recall that the Newton polytope N '(A) is determined by the n x j integer
matrix Z given in (18), where |A| =n +1 and j is the number of distinct factors
in A. The matrix Z also determines a “secondary” arrangement S = {H; {:1 of
J hyperplanes in R", where H; is the orthogonal complement of the i th column of
Z . The complement R” \ U{:l H; of the real arrangement S is a disjoint union
of connected open sets known as chambers. Let ch(S) be the set of chambers. The
number of chambers may be calculated by a well known result of Zaslavsky [44]. If

P(S,¢) is the Poincaré polynomial of (the lattice of) S, then
[ch(S)| = P(S, 1).

The number of chambers of the arrangement S determined by the matrix Z is also
known to be equal to the number of vertices of the zonotope N (A) determined by
Z, see Bjorner, Las Vergnas, Sturmfels, White and Ziegler [4]. Hence, we have the
following corollary to Theorem 6.2.

Corollary 6.3 The BNS invariant X g has P(S, 1) connected components.

Example 6.4 Recall the Falk arrangements F; and F, from Example 5.3. Let G;
be the fundamental group of the boundary manifold of F;, B; the corresponding
Alexander invariant, etc. The Alexander polynomials A; = A(G;) are recorded in (15).
The zonotopes N (A1) and N (A,) are determined by the matrices

2000020 20000101
0200020 02000101
Z;=10020022|, Z,=|00200110
0002022 00020110
0000222 00003111

The Poincaré polynomials of the associated secondary arrangements S and S, are
P(S1,t) =1+ 7t + 2112 + 3313 +27¢% 4+ 9¢°
and  P(Sy, 1) =1+ 81 +28:2 45183 + 47t +171°.

Consequently, the BNS invariant ¥, g, has P(S;,1) = 98 connected components,
while X', p, has P(S;,1) = 152 connected components.

7 Cohomology ring and holonomy Lie algebra

As shown in [7], the cohomology ring of the boundary manifold M of a hyperplane
arrangement has a very special structure: it is the “double” of the cohomology ring of
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the complement. For a line arrangement, this structure leads to purely combinatorial
descriptions of the skew 3—form encapsulating H* (M ; Z), and of the holonomy Lie
algebra of M .

7.1 The doubling construction

Let R be a coefficient ring; we will assume either R = Z or R = [, a field of
characteristic 0. Let 4 = @), A¥ be a graded, finite-dimensional algebra over R.
Assume that A is graded-commutative, of finite type (that is, each graded piece Ak is
a finitely generated R-module), and connected (that is, A° = R). Let by = by (A)
denote the rank of AX.

Let A = Homg (A4, R) be the dual of the R—module A, with graded pieces AK =
Homg (A%, R). Then A is an A-bimodule, with left and right multiplication given
by (a- f)(b) = f(ba) and ( f a)(b) = f(ab), respectively. Note that, if « € AX and
f €Al then af, fae ATk

Following [7], we define the (graded) double of A to be the graded R—algebra A with
underlying R-module structure the direct sum 4 & A, multiplication

(19) (a, f)-(b,g) = (ab,ag + fb),
for a,b € A and f, g € A, and grading
(20) A% = Ak @ g2m—1-k

7.2 Poincaré duality

Let A =@, A be a graded algebra as above. We say A is a Poincaré duality
algebra (of formal dimension m) if the R—module A™ is free of rank 1 and, for each
k , the pairing A¥ ® A% — A™ given by multiplication is non-singular. In particular,
each graded piece A¥ must be a free R—module.

Given a PD,, algebra A, fix a generator w for A™. We then have an alternating
m—form, n4: A' A...AA! = R, defined by
(21) ai...am=nygay,...,am) o.

If A is 3—dimensional, the full multiplicative structure of 4 can be recovered from
the form 714 (and the generator w € A3).

The classical example of a Poincaré duality algebra is the rational cohomology ring,
H*(M;Q), of an m—dimensional closed, orientable manifold M. As shown by
Sullivan [37], any rational, alternating 3—form 7 can be realized as n = ng+(pr.q), for
some 3-manifold M .
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Lemma 7.3 Let A = EBZ;O Ak be a graded, graded commutative, connected, finite-
type algebra over R = Z or F. Assume A is a free R—module, and m > 1. If A is the
graded double of A, then:

(1) A is a Poincaré duality algebra over R, of formal dimension 2m — 1.
(2) If m > 2, then 7712:0-
(3) If m =2, then for every a, b, c € Al and f.g.he A2,

n2((a. ). (b, 8).(c.h)) = f(bec) + g(ca) + h(ab).

Proof (1) The R-module A2~ = A0 is isomorphic to R viathe map f +— f(1).
Take w = 1 as generator of A2~ The pairing A¥ @ A2m~1=k _ 42m=1 j5 non-
singular: its adjoint,

A% — Hompg (A2~ 17k 42m=1 " (a, f)+> ((b, g) > ag + fb),
is readily seen to be an isomorphism.
(2) If m> 2, then Al = Al and n3 vanishes, since 42"~1 = 0.

(3) If m =2, then Al = A' @ A2, and the expression for 7 7 follows immediately
from (19). O

7.4 The double of a 2—dimensional algebra

In view of the above Lemma, the most interesting case is when m = 2, so let us analyze
it in a bit more detail. Write 4 = A° @ A! @ A2, and fix ordered bases, {o1, ..., ap, §
for A' and {B;...., Bp,} for A?. The multiplication map, p: A' ® A' — A2, is then
given by

by
(22) (o) =Y i j i Bi
k=1
for some integer coefficients j; j x satisfying p;; x = —i j k-

Now consider the double
A=A A' 020l =A0UA' @A) U p Ao A°.
Pick dual bases {@; }1<j<p, for A' and {Ek}lfksz for A%. The multiplication map

7% A'® A — A2 restricts to pwon A'® A", vanishes on A% ® A2, while on A! ® A2,
it is given by

by
(23) oy, i) = Z Wi, j g Qi

i=1
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As a consequence, we see that the multiplication maps p and fi determine one another.

In the chosen basis for A! = A @ A2, the form nje€ /\3 A" can be expressed as

bs
(24) ng= D D MijkdAajAPBy.

1<i<j<b; k=1

This shows again that the multiplication map /i determines, and is determined by the
3—form 7 3.

7.5 The cohomology ring of the boundary

Now let A = {{;}7_, be a line arrangement in CP?, with complement X, and let
A = H*(X:Z) be the integral Orlik—Solomon algebra of A. As is well known,
A= @izo Ak is torsion-free, and generated in degree 1 by classes ey, ..., e, dual to
the meridians xi, ..., x, of the decone d.A. Choosing a suitable basis { f; x | (i, k) €
nbe, (d.A)} for A2, the multiplication map u: A' AA' — A2 is given on basis elements
ej,ej with i < j by:

fioi if (7, /) € nbes (dA),
(25) uleisej) =9 fi,j — fi,i if 3k such that (k,i), (k, j) € nbey(dA),
0 otherwise.

The surjectivity of wu is manifest from this formula.

For (i, k) e nbe,(dA), recall that 1(i, k) = {j | £ DNk, 1=j =< n} If J Cnl,
write ey = ) jer € Using results from [7] and the above discussion, we obtain the
following.

Theorem 7.6 Let A = {{;}!_, be a line arrangement in CP?, with complement X
and boundary manifold M . Then:

(1) H*(M;?Z) is the double of H*(X ;7).

(2) H*(M:Z) is an integral Poincaré duality algebra of formal dimension 3.

(3) H*(M;Z) is generated in degree 1 if and only if A is not a pencil.

(4) H*(M;Z) determines (and is determined by) the 3—form nas := Ngr+(m.7)»
given by

M = Z erG.k) Nek N fi,k-
(i,k)€enbe; (d.A)
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Proof (1)If A= H*(X;Z), then A= H*(M;Z), see [7, Theorem 4.2].

(2) This follows from Lemma 7.3, since A is torsion-free (alternatively, use Poincaré
duality for the closed, orientable 3—manifold M ).

(3) It is enough to show that the cup-product map fi: A! ® A! — A2 is surjective if
and only if A is not a pencil.

If A is a pencil, then M ="S! x S2, andso i =0.

If A is not a pencil, each line £; with 1 <7 <»n must meet another line, say ¢;, also
with 1 < j < n. Then either (i, j) € nbc,(dA), in which case [i(e;, f;’j) =e¢;, Or
there is an index k& < j such that (k,i) € nbc,(d.A), in which case [i(eg, fk,i) =—¢;.
This shows A' C Im(fi). But we know A2 = Im(u), and so i is surjective.

(4) This follows from formulas (24) and (25). O

Example 7.7 We illustrate part (4) of the above Theorem with some sample computa-
tions:

0 if A is a pencil,
v =iz e j=pei f1,; if Ais anear-pencil,
doi<i< j<nti€j fi,j if A is a general position arrangement.

Remark Let A be a line arrangement in CP? that is not a pencil. Then the funda-
mental group G of the boundary manifold M is a commutator-relators group, M is
a K(G, 1)-space, and H4«(G;Z) = H«(M;Z) is torsion-free. In this situation, the
cup-product structure on H*(G;Z) = H*(M ;Z), and hence the 3—form 7, may
be computed directly from the commutator-relators presentation given in Proposition
3.7, see, for instance, Fenn and Sjerve [17, Theorem 2.3] and Matei and Suciu [30,
Proposition 2.8]. Note, however, that the bases for the cohomology groups of G arising
in this approach need not, in general, coincide with those obtained from the realization
of H*(G;Z) as a double.

7.8 Holonomy Lie algebras

We now turn to a different object associated to a graded algebra A. As before, we
will assume that A is graded-commutative, connected, and of finite-type, and that the
ground ring R is either Z or [, a field of characteristic 0. Denote by Ay the R—dual
module A¥ = Homg(A4%, R); note that Ay, is a free R—module of rank by .

The holonomy Lie algebra of A, denoted h(A), is the quotient of the free Lie algebra
Lie(A1) by the ideal generated by the image of the comultiplication map, u: A, —
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A; A A; = Liey(A;). Picking generators x; = &; for A; = A', we obtain a finite
presentation,

(26) b(A)=Lie(x1,...,xb1)/( > il ), for 1 <k <by).

1<i<j<b,

Note that h(A4) inherits a natural grading from the free Lie algebra: all generators Xx;
are in degree 1, while all relations are homogeneous of degree 2.

Now let A be the graded double of A. Using the description of the multiplication map
i from Section 7.4, we obtain the following presentation for h(A), solely in terms of
the multiplication map u: A! ® A1 — A2, given by (22).

Lemma 7.9 The holonomy Lie algebra of A is the quotient of the free Lie algebra
on degree 1 generators {x; | 1 <i <b;} and {y; | 1 <k < by}, modulo the Lie ideal
generated by

Z Wi j kl[xi, X1, 1 <k <b,,

1<i<j=<b;

S0 migalxi vl 1<i<bh.

1<j<b| 1<k=<b;

Note that there is a canonical projection b(/f) — h(A4), sending x; — x; and y; — 0.
The kernel of this projection contains Lie(y1, ..., y,), but in general the inclusion is
strict.

7.10 The holonomy Lie algebra of the boundary

Let A = {{;}7_, be a line arrangement in CP?, with complement X . As shown by
Kohno [26], the holonomy Lie algebra of A = H*(X; Z) has presentation

27)  b(A) = Lie(xq,... ,x,,)/( Z [x;, xg], for (i, k) € nbcz(dA)).

jeI(i k)

From the preceding discussion, we find an explicit presentation for the holonomy Lie
algebra of the boundary manifold of a line arrangement.

Proposition 7.11 Let A = {{;}]_ be a line arrangement in CP?, with boundary
manifold M . Then the holonomy Lie algebra of A=H* (M ; 7) is the quotient of the
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free Lie algebra on degree 1 generators {x; |1 <i <n} and {y(; k) | (i, k) €nbcy(dA)},
modulo the Lie ideal generated by
Z [xj, Xk,

jel(i k)
for (i, k) € nbe, (dA), and
> > xvam) - > > K Y-
k:(i,k)enbea(d.A) jeI(i,k) k:(k,i)enbea (d.A) jeI(k,i)
forl <i <n.
Example 7.12 If A an arrangement of n + 1 lines in general position, then the

holonomy Lie algebra h(/f) is the quotient of the free Lie algebra on generators x;
(1 =i=<mn)and y; ;) (1 =i < j =n), modulo the Lie ideal generated by

[x,',x]'], l<i<j<n,

Zj<i[xf’y(f,i)]_zm[xj»y(i,j)]’ 1<i=n.

8 Cohomology jumping loci

In this section, we discuss the characteristic varieties and the resonance varieties of the
boundary manifold of a line arrangement.

8.1 Characteristic varieties

Let X be a space having the homotopy type of a connected, finite-type CW—complex.
For simplicity, we will assume that the fundamental group G = 71 (X) has torsion-free
abelianization H;(G) = Z". Consider the character torus Hom(G, C*) = (C*)". The
characteristic varieties of X are the jumping loci for the cohomology of X', with
coefficients in rank 1 local systems over C:

(28) VE(X) = {¢ € Hom(G,C*) | dim H*(X;Cy) = d},

where Cgy denotes the abelian group C, with 71 (X )—module structure given by the
representation ¢:y(X) — C*. These loci are subvarieties of the algebraic torus
(C*)"; they depend only on the homotopy type of X, up to a monomial isomorphism
of the character torus.

For a finitely presented group G (with torsion-free abelianization), set thf (G) :=
V; (K(G, 1)). We will be only interested here in the degree 1 characteristic varieties.
If G =m1(X) with X a space as above, then clearly le (G) = le (X).
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The varieties le (G) can be computed algorithmically from a finite presentation of the
group. If G has generators x; and relations r;, let Jg = (Bri /0x j) be the corresponding
Jacobian matrix of Fox derivatives. The abelianization J, gb is the Alexander matrix of

G, with entries in A = C[tlil, el t,;tl], the coordinate ring of (C*)”. Then:
(29) VI(G)\{1} = V(Eq(J&) \{1}.

In other words, Va} (G) consists of all those characters ¢ € Hom(G, C*) =~ (C*)" for
which the evaluation of J, éb at ¢ has rank less than n —d (plus, possibly, the identity
1).

8.2 Characteristic varieties of line arrangements

Let A={{y,...,{,} be aline arrangement in CP?. The characteristic varieties of the
complement X are fairly well understood. It follows from foundational work of Arapura
[1] that Va} (X) is a union of subtori of the character torus Hom({ (X)), C*) = (C*)",
possibly translated by roots of unity. Moreover, components passing through 1 admit a
completely combinatorial description. See [6] and Libgober and Yuzvinsky [28].

Turning to the characteristic varieties of the boundary manifold M, we have the
following complete description of Vl1 (M).

Theorem 8.3 Let A be an essential line arrangement in CPP?, and let G be the
fundamental group of the boundary manifold M . Then

VH(G) = lJ {w-1=0}
veV(Iy),my=3

Proof By Proposition 3.7, the group G admits a commutator-relators presentation,
with equal number of generators and relations. So the Alexander matrix Jéb is a
square matrix, which augments to zero. It follows that the characteristic variety Vl1 (G)
is the variety defined by the vanishing of the codimension 1 minors of ng. The
ideal I(G) = E I(Jéb) of codimension 1 minors, the Alexander ideal, is given by
I(G) =m? - (A(G)), where m is the maximal ideal of ZH,(G), see McMullen [31].
Consequently,

(30) V1(G) = {A(G) = 0}.

On the other hand, we know from Theorem 5.2 that the Alexander polynomial of G is
given by A(G) = HveV(FA)(tU —1)™=2_ The conclusion follows. |

By Theorem 8.3, Vl1 (G) is the union of an arrangement of codimension 1 subtori in
Hom(G, C*) = (C*)", indexed by the vertices of the graph Iy. We do not have an
explicit description of the varieties Va} (G), ford > 1.
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8.4 Resonance varieties

Let A be a graded, graded-commutative, connected, finite-type algebra over C. Since
a-a =0 for each a € A', multiplication by a defines a cochain complex

a a a

31) (4,a): 0 A°

The resonance varieties of A are the jumping loci for the cohomology of these com-
plexes:

(32) RE(4) = {a e A" |dim H* (4,a) > d},

Al A2

for k>1and 1 <d <bi(A). The sets RZ (A) are homogeneous algebraic subvarieties
of the complex vector space A! = chr,

We will only be interested here in the degree 1 resonance varieties, Ril (A). Let
S = Sym(A;) be the symmetric algebra on the dual of A!. If {x,..., Xp, } is the
basis for A; dual to the basis {ay,...,ap, | for Al then S becomes identified with
the polynomial ring C[x1. ..., xp,]. Also, let u: A' ® A — A? is the multiplication
map, given by (22). Then, as shown by Matei and Suciu [30] (generalizing a result
from [6]):

(33) RL(A) = V(E4(0)),

where ® = ®4 is the b; x b, matrix of linear forms over S, with entries

by
(34) Ok = Zui,j,kxi-

i=1
If X is a space having the homotopy type of a connected, finite-type CW—complex,
define the resonance varieties of X to be those of A = H*(X; C). Similarly, if G is a
finitely presented group, define the resonance varieties of G' to be those of a K(G, 1)
space. If G = m1(X), then R:l(G) = Rcll (X). Furthermore, if G is a commutator-
relators group, then the matrix ® above is (equivalent to) the “linearization” of the
(transposed) Alexander matrix Jéb, see [30]. This suggests a relationship between
le (G) and R(li(G). For more on this, see Section 9.4.

8.5 Resonance of line arrangements

Let A = {¢;}]_, be an arrangement of lines in CP?, with complement X . The
resonance varieties of the Orlik—Solomon algebra A = H*(X;C), first studied by
Falk [16], are by now well understood. It follows from [6] and from Libgober and
Yuzvinsky [28] that Rcll (A) is the union of linear subspaces of 4! = C"; these subspaces
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(completely determined by the underlying combinatorics) have dimension at least 2;
and intersect only at 0.

Now let M be the boundary manifold, and A=H *(M ;C) its cohomology ring.
Recall that A! = A! @ A2, with basis {oi,Br}, where 1 <i <by=nand 1 <k <
b, = |nbc;(d.A)|. Identify the ring S = Sym(/f 1) with the polynomial ring in variables
{xi, Vi }. It follows from (23) that the matrix =0 4 has the form

~ ® O
(35) = (_®T 0),

where ® is the by x b; skew-symmetric matrix with entries ®; ; = 222:1 Wi,k Vi -
Using this fact, one can derive the following information about the resonance varieties
of M. Write B =1—5b1(4) +b3(A) and Ry(P) = V(E4z(D)).

Propi)sition 8.6 (Cohen and Suciu [7]) The resonance varieties of the doubled alge-
bra A = H*(M:C) satisty:

(1) RL(A)=A" ford <p.

) RY(A)x A2 SRy g(A).

(3) Ra(®)x{0}SRY,, (A).

This allows us to give a complete characterization of the resonance variety Ri (G), for
G a boundary manifold group.

Corollary 8.7 Let A = {{y,...,{,} be a line arrangement in CP?, n > 2, and
G =n((M). Then:

(L if A is a pencil,
RI(G) = { €2 if Ais a near-pencil,
Chitb2  otherwise.
Proof If A is a pencil, then G = F},, and so R{(G) =C".

If A is a near-pencil, then G = Z x 71(X,—1) and a calculation yields R}(G) =
([:2(11—1) )

If A is neither a pencil, nor a near-pencil, then n > 3, and a straightforward inductive
argument shows that § > 1. Consequently, R% (G) = H'(G; C) by Proposition 8.6. O
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Figure 5: The product arrangement .4 and the braid arrangement A’

8.8 A pair of arrangements

The arrangements A and A’ depicted in Figure 5 have defining polynomials
O(A) = xo(x1 + x0)(x1 — x0) (X2 + x0)x2(x2 — Xo)
and  Q(A) = xo(x1 4 x0)(x1 — Xx0) (X2 + X0) (x2 — x0) (X2 — X1).

The respective boundary manifolds, M and M’, share the same Poincaré polynomial,
namely P(¢) = (1 +1)(14 107 +¢?). Yet their cohomology rings, A and A’, are not
isomorphic—they are distinguished by their resonance varieties. Indeed, a computation
with Macaulay 2 [19] reveals that

RI(A) = V(x1,X2,X3, X4, X5, Y3V5 — V2Ves V3Va— V1V6» YaVa — V1Vs),

which is a variety of dimension 4, whereas

RYA) = V(x1, X2, X3, X4, X5, 2 Va—V1 V6 Y2V5—V3V6> V3Va—Yays—V3Ve-+VaVe:
V1V5—YaYs—Y3Ve + VaVe, YV1V3—Y2V3—Vays + V1V6—V3V6 + VaVe),

which is a variety of dimension 3.

9 Formality
In this section, we characterize those arrangements A for which the boundary manifold

M is formal, in the sense of Sullivan [38]. It turns out that, with the exception of
pencils and near-pencils, M is never formal.

9.1 Formal spaces and 1—formal groups

Let X be a space having the homotopy type of a connected, finite-type CW—complex.
Roughly speaking, X is formal, if its rational homotopy type is completely determined
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by its rational cohomology ring. More precisely, X is formal if there is a zig-zag
sequence of morphisms of commutative differential graded algebras connecting Sulli-
van’s algebra of polynomial forms, (Apr (X, Q),d), to (H*(X;@Q),0), and inducing
isomorphisms in cohomology. Well known examples of formal spaces include spheres;
simply-connected Eilenberg—Mac Lane spaces; compact, connected Lie groups and
their classifying spaces; and compact Kihler manifolds. The formality property is
preserved under wedges and products of spaces, and connected sums of manifolds.

A finitely presented group G is said to be 1-formal, in the sense of Quillen [36],
if its Malcev Lie algebra (that is, the Lie algebra of the prounipotent completion of
G) is quadratic; see Papadima and Suciu [35] for details. If X is a formal space,
then G = m1(X) is a 1-formal group, as shown by Sullivan [38] and Morgan [33].
Complements of complex projective hypersurfaces are not necessarily formal, see [33].
Nevertheless, their fundamental groups are 1-formal, as shown by Kohno [26].

If X is the complement of a complex hyperplane arrangement, Brieskorn’s calculation
of the integral cohomology ring of X (see Orlik and Terao [34]) implies that X
is (rationally) formal. However, the analogous property of Z,—formality does not
necessarily hold, due to the presence of non-vanishing triple Massey products in
H*(X;Zp), see Matei [29].

As mentioned above, our goal in this section is to decide, for a given line arrangement
A, whether the boundary manifold M is formal, and whether G = 7t (M) is 1-formal.
In our situation, Massey products in H*(G;Z) may be computed directly from the
commutator-relators presentation given in Proposition 3.7, using the Fox calculus
approach described by Fenn and Sjerve [17]. Yet determining whether such products
vanish is quite difficult, as Massey products are only defined up to indeterminacy. So
we turn to other, more manageable, obstructions to formality.

9.2 Associated graded Lie algebra

The lower central series of a group G is the sequence of normal subgroups {G }x>1,
defined inductively by G; = G, G, = G', and G411 =[Gk, G]. It is readily seen that
the quotient groups, G /Gy 41, are abelian. Moreover, if G is finitely generated, so
are all the LCS quotients. The associated graded Lie algebra of G is the direct sum
gr(G) = @G> Gi/Gi+1, with Lie bracket induced by the group commutator, and
grading given by bracket length.

If the group G is finitely presented, there is another graded Lie algebra attached to G,
the (rational) holonomy Lie algebra, h(G) := h(H*(G;Q)). In fact, if X is any space
having the homotopy type of a connected CW—complex with finite 2—skeleton, and if
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G = m1(X), then h(G) = h(H*(X; Q)), see Papadima and Suciu [35]. Now suppose
G is a 1-formal group. Then,

(36) gr(G) ® Q = h(G),

as graded Lie algebras; see Quillen [36] and Sullivan [38]. In particular, the respective
Hilbert series must be equal.

Returning to our situation, let .4 be a line arrangement in CP?, with boundary manifold
M . A finite presentation for the group G = (M) is given in Proposition 3.7. On the
other hand, we know that H*(M ; Q) = A, the double of the (rational) Orlik—Solomon
algebra. Thus, h(G) = h(/f), with presentation given in Proposition 7.11. Using these
explicit presentations, one can compute, at least in principle, the Hilbert series of
gr(G) ® Q and H(G).

Example 9.3 Let A be an arrangement of 4 lines in general position in CPP?, and
M its boundary manifold. A presentation for G = (M) is given in Example 3.11,
while a presentation for h(G) is given in Example 7.12. Direct computation shows that

Hilb(gr(G) @ Q, 1) = 6+ 9¢ 4 361> + 13113 + 52814 + - - |

whereas
Hilb(h(G), 1) = 6 + 9 + 361> + 13213 + 53414 4. |

Consequently, G is not 1—formal, and so M is not formal, either.

We can use the formality test (36) to show that several other boundary manifolds are
not formal, but we do not know a general formula for the Hilbert series of the two
graded Lie algebras attached to a boundary manifold group. Instead, we turn to another
formality test.

9.4 The tangent cone formula

Let G be a finitely presented group, with H;(G) torsion-free. Consider the map
exp: Hom(G, C) — Hom(G, C*), exp(f)(z) = e/ @ . Using this map, we may identify
the tangent space at 1 to the torus Hom(G, C*) with the vector space Hom(G, C) =
H'(G,C). Under this identification, the exponential map takes the resonance variety
Rcli(G) to Va} (G). Moreover, the tangent cone at 1 to Va} (G) is contained in Rcli(G),
see Libgober [27]. While this inclusion is in general strict, equality holds under a
formality assumption.
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Theorem 9.5 (Dimca, Papadima and Suciu [11]) Suppose G is a 1 -formal group.
Then, for each d > 1, the exponential map induces a complex analytic isomorphism
between the germ at 0 of Rtli(G) and the germ at 1 of le (G). Consequently,

37) TC1(V,(G)) = Ry(G).

In particular, this “tangent cone formula” holds in the case when X is the complement
of a complex hyperplane arrangement, and G is its fundamental group (see [6] for a
direct approach in this situation).

9.6 Formality of boundary manifolds

We can now state the main result of this section, characterizing those line arrangements
for which the boundary manifold is formal.

Theorem 9.7 Let A = {{y,...,{,} be a line arrangement in CP?, with boundary
manifold M . The following are equivalent:

(1) The boundary manifold M is formal.
(2) The group G = (M) is 1—formal.
(3) The tangent cone to Vl1 (G) at the identity is equal to R} (G).

(4) A is either a pencil or a near-pencil.

Proof (1) = (2) This follows from Quillen [36] and Sullivan [38].
(2) = (3) This follows from Dimca, Papadima and Suciu [11].

(3) = (4) Suppose A is neither a pencil nor a near-pencil. Then Corollary 8.7 implies
that R% (G) = H'(G;C). On the other hand, Theorem 5.2 implies that Vl1 (G)isa
union of codimension 1 subtori in Hom(G, C*). Hence, the tangent cone TC; (Vl1 (G))
is the union of a hyperplane arrangement in H'(G; C); thus, it does not equal Ri (G).

(4) = (1) If A is a pencil, then M = #"S! x §2. If A is a near-pencil, then
M = S!' x %,_;. In either case, M is built out of spheres by successive product and
connected sum operations. Thus, M is formal. |

Added in proof The structure of the Alexander polynomial of the boundary manifold
M exhibited in Theorem 5.2 and Proposition 5.5 has recently been used by Dimca,
Papadima and Suciu [10] to show that the fundamental group G = m{(M) is quasi-
projective if and only if one of the equivalent conditions of Theorem 9.7 holds.
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